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Abstract
Basic notions of continuous media mechanics are introduced for spaces
with affine connections and metrics. Stress (tension) tensors are considered,
obtained by the use of the method of Lagrangians with covariant deriva-
tives (MLCD). On the basis of the covariant Noether’s identities for the
energy-momentum tensors, Navier-Stokes’ identities are found and general-
ized Navier-Cauchy as well as Navier-Stokes’ equations are considered over
(Ln, g)-spaces.
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1 Introduction
The important relations between stresses (tensions) and deformations and friction
could also be established in continuous media mechanics in such comprehensive
spaces as spaces with affine connections and metrics [(Ln, g)-spaces]. The main
task of this paper is the consideration of the structures connected to the relations
between stresses and deformations as a basis for the description of the dynamics of
physical system (continuous media and fluids) in (Ln, g)-spaces.
In Section 2 energy-momentum tensors are considered, obtained by the use of
the method of Lagrangians with covariant derivatives (MLCD). In Section 3 the
structure of the stress (tension) tensor is discussed. In Section 4 relations between
the kinematic characteristics of the relative velocity, of the friction velocity and the
stress (tension) tensors are considered. In Section 5, on the basis of the covariant
Noether’s identities for the energy-momentum tensors, Navier-Stokes’ identities are
found and generalized Navier-Cauchy and Navier-Stokes’ equations are considered
over (Ln, g)-spaces. The last Section 6 comprises some concluding remarks. The
whole picture of a continuum media mechanics in (Ln, g)-spaces could be related to
a classical (non-quantized) field theory.
All considerations are given in details (even in full details) for those readers who
are not familiar with the considered problems.
Remark. The present paper is the fourth part of a larger research report on
the subject with the title ”Contribution to continuous media mechanics in (Ln, g)-
spaces” with the following contents:
I. Introduction and mathematical tools.
II. Relative velocity and deformations.
III. Relative accelerations.
IV. Stress (tension) tensor.
The parts are logically self-dependent considerations of the main topics consid-
ered in the report.
1.1 Invariant projections of a mixed tensor field of second
rank
In the relativistic continuum media mechanics notions are introduced as generaliza-
tions of the same notions of the classical continuum media mechanics. This has been
done by means of the projections of the (canonical, symmetric of Belinfante or sym-
metric of Hilbert) energy-momentum tensors along or orthogonal to a non-isotropic
(non-null) contravariant vector field.
There are possibilities for using the projections for finding out the physical
interpretations of the determined energy-momentum tensors. In an analogous way
as in (pseudo) Riemannian spaces without torsion (Vn-spaces), the different relations
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between the quantities with well known physical interpretations can be considered as
well as their application for physical systems described by means of mathematical
models over differentiable manifold with affine connections and metrics [(Ln, g)-
spaces].
The energy-momentum tensors are obtained as mixed tensor fields of second rank
of type 1 [by the use of the procedure on the grounds of the method of Lagrangians
with covariant derivatives (MLCD) [1]]
G = Gα
β · eβ ⊗ e
α = Gi
j · ∂j ⊗ dx
i (1)
in contrast to the mixed tensor fields of second rank of type 2
G = G β α · e
α ⊗ eβ = G
j
i · dx
i ⊗ ∂j . (2)
The sets of vectors {eα} and {eα} are non-co-ordinate (non-holonomic) covariant
and contravariant basic vector fields respectively, (α, β = 1, ..., n).
The set of vectors {dxi} and {∂i} are co-ordinate (holonomic) covariant and
contravariant basic vector fields respectively (i, j = 1, ..., n), dim(Ln, g) = n.
To every covariant basic vector field a contravariant basic vector field can be
juxtaposed and vice versa by the use of the contravariant and covariant metric
tensor fields
g(eγ) = gαγ · e
α , g(∂j) = gij · dx
i , g(eγ) = gαγ · eα , g(dx
j) = gij · ∂i . (3)
On this basis a tensor field of type 2 can be related to a tensor field of type
1 by the use of the covariant and contravariant tensor fields g = gij · dx
i.dxj and
g = gij ·∂i.∂j [dx
i.dxj = (1/2)(dxi⊗dxj+dxj⊗dxi), ∂i.∂j = (1/2)(∂i⊗∂j+∂j⊗∂i)]
G = g(G)g = G β α · e
α ⊗ eβ = gαγ ·Gδ
γ · gδβ · eα ⊗ eβ , (4)
G β α = gαγ ·Gδ
γ · gδβ , (5)
G = g(G)g = Gα
β · eβ ⊗ e
α = gβδ ·G γ δ · gγα · eβ ⊗ e
α , (6)
Gα
β = gβδ ·G γ δ · gγα . (7)
The Kronecker tensor field appears as a mixed tensor field of second rank of
type 1
Kr = gαβ · eα ⊗ e
β = gij · ∂i ⊗ dx
j
and can be projected by means of the non-isotropic (non-null) contravariant vector
field u and its projection metrics hu and h
u [hu = g−
1
e ·g(u)⊗g(u), h
u = g− 1e ·u⊗u,
e = g(u, u) 6= 0]
Kr = εKr · u⊗ g(u) + u⊗ g(
Krpi) + Krs⊗ g(u) + (KrS)g ,
where
εKr =
1
e2 · [g(u)](Kr)u =
1
e2 · uα · u
α = 1e2 · gαβ · u
α · uβ =
= 1e2 · f
ρ
β · f
σ · fβ δ · gρσ · u
γ · uδ = 1e2 · u
i · ui =
1
e2 · gik · u
i · uk = 1e · k ,
(8)
k =
1
e
· [g(u)](Kr)u =
1
e
· ui · ui , ui = gij · u
j , (9)
3
Krpi = 1e · [g(u)](Kr)h
u = 1e · gβγ · u
γ · gβδ · h
δα · eα =
1
e · gβγ · h
βα · uγ · eα =
= 1e · uβ · h
βα · eα =
Krpiα · eα ,
(10)
Krpiα =
1
e
·gβγ ·u
γ ·hβα =
1
e
·uβ ·h
βα , Krpii =
1
e
·gkl ·u
l ·hki =
1
e
·uk ·h
ki , (11)
Krs =
1
e
· hu(g)(Kr)(u) = Krsα · eα =
Krsi · ∂i , (12)
Krsα =
1
e
· hαβ · gβδ · u
δ , Krsi =
1
e
· hik · gkl · u
l , (13)
KrS = hu(g)(Kr)hu = KrSαβ · eα ⊗ eβ =
KrSij · ∂i ⊗ ∂j , (14)
KrSαβ = hαγ · gγδ · h
δβ , KrSij = hik · gkl · h
lj , (15)
hu[g(u)] = [g(u)](hu) = 0 , hu(g)hu = hu ,
(Kr)g = ke · u⊗ u+ u⊗
Krpi + Krs⊗ u+ KrS ,
(Kr)g = gαβ · eα ⊗ eβ = g
ij · ∂i ⊗ ∂j .
(16)
The corresponding to the Kronecker tensor field mixed tensor field of type 2
Kr = g(Kr)g = gαγ · g
γβ · eα ⊗ eβ = gik · g
kj · dxi ⊗ ∂j (17)
does not appear in general as a Kronecker tensor field.
Special case: S = C : f i j = g
i
j , (f
α
β = g
α
β ):
Kr = gαβ · e
β ⊗ eα = g
i
j · dx
i ⊗ ∂j ,
k = 1, εKr =
1
e ,
Krpi = 0 , Krs = 0 , KrS = hu ,
Kr = 1e · u⊗ g(u) + (h
u)g = g(g) , (Kr)g = g .
(18)
The representation of the tensor fields of the type 1 by the use of the non-
isotropic (non-null) contravariant vector field u and its projective metrics hu and
hu corresponds in its form to the representation of the viscosity tensor and the
energy-momentum tensors in the continuum media mechanics in V3- or V4-spaces,
where εG is the inner energy density,
Gpi is the conductive momentum, e · Gs is the
conductive energy flux density and GS is the stress tensor density. An analogous
interpretation can also be accepted for the projections of the energy-momentum
tensors found by means of the method of Lagrangians with covariant derivatives
(MLCD).
2 Energy-momentum tensors and the rest mass
density
The covariant Noether identities (generalized covariant Bianchi identities) can be
considered as identities for the components of mixed tensor fields of second rank of
the first type. The second covariant Noether identity [8]
θα
β − sTα
β ≡ Q α
β
can be written in the form
θ − sT ≡ Q , (19)
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where
θ = θα
β · eβ ⊗ e
α = θi
j · ∂j ⊗ dx
i ,
sT = sTα
β · eβ ⊗ e
α = sTi
j · ∂j ⊗ dx
i ,
Q = Qα
β · eβ ⊗ e
α = Qi
j · ∂j ⊗ dx
i ,
(20)
The tensor of second rank θ is the generalized canonical energy-momentum
tensor (GC-EMT) of the type 1; the tensor sT is the symmetric energy-momentum
tensor of Belinfante (S-EMT-B) of the type 1; the tensor Q is the variational energy-
momentum tensor of Euler-Lagrange (V-EMT-EL) of the type 1.
The second covariant Noether identity for the energy-momentum tensors of the
type 1 is called second covariant Noether identity of type 1.
By means of the non-isotropic contravariant vector field u and its corresponding
projective metric the energy-momentum tensors can be represented in an analogous
way as the mixed tensor fields of the type 1.
The structure of the generalized canonical energy-momentum tensor and the
symmetric energy-momentum tensor of Belinfante for the metric and non-metric
tensor fields has similar elements and they can be written in the form
G = kG− L ·Kr ,
θ = kθ − L ·Kr , sT = T − L ·Kr ,
(21)
where
kθ = kθα
β · eβ ⊗ e
α = kθi
j · ∂j ⊗ dx
i . (22)
On the analogy of the notions of the continuum media mechanics kG is called
viscosity tensor field.
G and kG can be written by means of u, h
u and hu in the form
G = εG · u⊗ g(u) + u⊗ g(
Gpi) + Gs⊗ g(u) + (GS)g ,
kG = εk · u⊗ g(u) + u⊗ g(
kpi) + ks⊗ g(u) + (kS)g .
(23)
From the relation (21) the relations between the different projections of G and
kG follow. If we introduce the abbreviation εG = ρG, then
εk = ρG +
1
e · L · k ,
kpi = Gpi + L ·Kr pi , ks = Gs+ L ·Kr s ,
kS = GS + L ·Kr S , GS := kS ,
(24)
and G can be written by means of (21) in the form
G = (ρG +
1
e
· L · k) · u⊗ g(u)− L ·Kr + u⊗ g(kpi) + ks⊗ g(u) + (kS)g , (25)
where
ρG =
1
e2
· [g(u)](G)(u)
is the rest mass density of the energy-momentum tensor G of the type 1. This type
of representation of a given energy-momentum tensor G by means of the projective
metrics of u and ρG is called representation of G by means of the projective metrics
of the contravariant non-isotropic (non-null) vector field u and the rest mass density
ρG.
If the viscosity tensor field kG = 0 then the energy-momentum tensor G ∼
(θ, sT ) will have the simplest form G = −L ·Kr. At the same time, the relation
εk = ρG+
1
e ·L · k = 0 is valid. It leads to the relation ρG = −
1
e ·L · k. For L = p, it
follows that p = − 1k ·ρG ·e, i.e. the pressure p is proportional to the mass density ρG
and to the rest mass energy ρG · e respectively. Therefore, if a flow has no viscosity
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then the rest mass density (and rest mass energy respectively) are acting in their
motion as a pressure of the flow. Since k = 1e · [g(u)](Kr)u =
1
e · u
i · ui, we have
p = −
1
ui · ui
· ρG · e
2 .
Special case: Vn-spaces: S = C, k = 1, u
i · ui = u
i · ui = e, p = −ρG · e.
Therefore, the pressure in a viscous-free flow is caused by the existence of a rest
mass density of the flow. If we can measure a pressure in a viscous-free flow we can
conclude that its rest mass density is different from zero.
There are other possibilities for representation of G by means of u and its cor-
responding projective metrics.
If we introduce the abbreviation
pG = ρG · u+
Gpi , (26)
where pG is the momentum density of the energy-momentum tensor G of the type
1, then G can be written in the form
G = u⊗ g(ρG · u+
Gpi) + Gs⊗ g(u) + (GS)g ,
G = u⊗ g(pG) +
Gs⊗ g(u) + (GS)g .
(27)
The representation ofG by means of the last relation is called representation of G
by means of the projective metrics of the contravariant non-isotropic contravariant
vector field u and the momentum density pG.
By the use of the relations
g(Gpi, u) = 0 , (GS)[g(u)] = 0 , (28)
valid (because of their constructions) for every energy-momentum tensor G and the
definitions
eG = G(u) = (G)(u) = e · (ρG · u+
Gs) , g(u, u) = e 6= 0 , (29)
where eG is the energy flux density of the energy-momentum tensor G of the type
1, the tensor field G can be written in the form
G = (ρG · u+
Gs)⊗ g(u) + u⊗ g(Gpi) + (GS)g ,
G = 1e · eG ⊗ g(u) + u⊗ g(
Gpi) + (GS)g .
(30)
The representation of G by means of the last expression is called representation
of G by means of the projective metrics of the contravariant non-isotropic vector
field u and the energy flux density eG.
The generalized canonical energy-momentum tensor θ can be represented, in
accordance with the above described procedure, by the use of the projective metrics
of u and the rest mass density ρθ
θ = kθ − L ·Kr , kθ = θ + L ·Kr , (31)
θ = (ρθ +
1
e
· L · k) · u⊗ g(u)− L ·Kr + u⊗ g(θpi) + θs⊗ g(u) + (θS)g , (32)
where
kθ = kθα
β · eβ ⊗ e
α , kθα
β = tα
β −Kα
β −Wα
βγ
γ + L · g
β
α , (33)
ρθ =
1
e2
· [g(u)](θ)(u) , k =
1
e
· [g(u)](Kr)(u) , (34)
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ρθ =
1
e2 · gαβ · u
β · θγ
α · uγ = 1e2 · θγ
α · uα · u
γ =
= 1e2 · gij · u
j · θk
i · uk = 1e2 · θk
i · ui · u
k ,
(35)
ε
kθ = ρθ +
1
e
· L · k , (36)
θpi =
1
e
· [g(u)](kθ)h
u = θpiα · eα =
θpii · ∂i , (37)
θpiα =
1
e
· kθγ
β · uβ · h
γα , θpii =
1
e
· kθl
k · uk · h
li , (38)
θs =
1
e
· hu(g)(kθ)(u) =
θsα · eα =
θsi · ∂i , (39)
θsα =
1
e
· hαβ · gβγ · kθδ
γ · uδ , θsi =
1
e
· hij · gjk · kθl
k · ul , (40)
θS = hu(g)(kθ)h
u = θS αβ · eα ⊗ eβ =
θS ij · ∂i ⊗ ∂j , (41)
θS αβ = hαγ · gγδ · kθκ
δ · hκβ , θS ij = hik · gkl · kθm
l · hmj , (42)
(θ)g = (ρθ +
1
e · L · k) · u⊗ u− L ·Kr(g) + u⊗
θpi + θs⊗ u+ θS =
= θαβ · eα ⊗ eβ = θ
ij · ∂i ⊗ ∂j ,
(43)
θαβ = gβγ · θγ
α = θγ
α · gβγ , θij = θk
i · gkj , (44)
g(θ) = (ρθ +
1
e · L · k) · g(u)⊗ g(u)− L · g(Kr) + g(u)⊗ g(
θpi)+
+g(θs)⊗ g(u) + g(θS)g ,
(45)
g(θ) = θαβ · e
α ⊗ eβ = θij · dx
i ⊗ dxj ,
θαβ = gαγ · θβ
γ , θij = gik · θj
k ,
(46)
g(Kr) = gαβ · e
α ⊗ eβ = gij · dx
i ⊗ dxj , gαβ = gαγ · f
γ
β = gγα · f
γ
β = gβα ,
gij = gji , (Kr)g = Kr(g) = g
αβ · eα ⊗ eβ = g
ij · ∂i ⊗ ∂j .
(47)
In a co-ordinate basis θ, (θ)g and g(θ) can be represented in the forms
θi
j = (ρθ +
1
e
· L · k) · ui · u
j − L · gji +
θpii · u
j + ui ·
θsj + gik ·
θS jk , (48)
θij = θk
i · gkj = (ρθ +
1
e
· L · k) · ui · uj − L · gij + ui · θpij + θsi · uj + θS ij , (49)
θij = gik ·θj
k = (ρθ+
1
e
·L ·k)·ui ·uj−L ·gij+ui ·
θpij+
θsi ·uj+ gik ·
θS kl ·glj , (50)
where
ui = gij · u
j , θpii = gik ·
θpik , θsi = gil ·
θsl , θSij = gik ·
θS kl · glj . (51)
The symmetric energy-momentum tensor of Belinfante sT can be represented in
an analogous way by the use of the projective metrics hu and hu and the rest mass
density ρT in the form
sT = (ρT +
1
e
· L · k) · u⊗ g(u)− L ·Kr + u⊗ g(Tpi) + T s⊗ g(u) + (TS)g , (52)
where
sT = sTα
β · eβ ⊗ e
α = sTi
j · ∂j ⊗ dx
i ,
sT = skT − L ·Kr , skT = sT + L ·Kr = T ,
(53)
εT = ρT +
1
e
· L · k , (54)
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ρT =
1
e2 · [g(u)](sT )(u) =
1
e2 · gαβ · u
β ·s Tγ
α · uγ = 1e2 ·s Tγ
α · uα · u
γ =
= 1e2 · gij · u
j ·s Tk
i · uk = 1e2 · sTk
i · ui · u
k ,
(55)
Tpi =
1
e
· [g(u)](T )hu =
1
e
· [g(u)](skT )h
u = Tpiα · eα =
Tpii · ∂i , (56)
Tpiα =
1
e
· Tγ
β · uβ · h
γα , Tpii =
1
e
· Tl
k · uk · h
li , (57)
T s =
1
e
· hu(g)(T )(u) = T sα · eα =
T si · ∂i , (58)
T s α =
1
e
· hαβ · gβγ · Tδ
γ · uδ , T si =
1
e
· hij · gjk · Tl
k · ul , (59)
TS = hu(g)(T )hu = TS αβ · eα ⊗ eβ =
TS ij · ∂i ⊗ ∂j , (60)
TS αβ = hαγ · gγδ · Tκ
δ · hκβ , TS ij = hik · gkl · Tm
l · hmj , (61)
(sT )g = (ρT +
1
e · L · k) · u⊗ u− L ·Kr(g) + u⊗
Tpi + T s⊗ u+ TS =
= sT
αβ · eα ⊗ eβ = sT
ij · ∂i ⊗ ∂j ,
(62)
sT
αβ = gβγ · sTγ
α = sTγ
α · gβγ , sT
ij = sTk
i · gkj , (63)
g(sT ) = (ρT +
1
e · L · k) · g(u)⊗ g(u)− L · g(Kr) + g(u)⊗ g(
Tpi)+
+g(T s)⊗ g(u) + g(TS)g ,
(64)
g(sT ) = sTαβ · e
α ⊗ eβ = sTij · dx
i ⊗ dxj ,
sTαβ = gαγ · sTβ
γ , sTij = gik · sTj
k .
(65)
In a co-ordinate basis sT , (sT )g and g(sT ) can be represented in the forms
sTi
j = (ρT +
1
e
· L · k) · ui · u
j − L · gji +
Tpii · u
j + ui ·
T sj + gik ·
TS jk , (66)
sT
ij = sTk
i ·gkj = (ρT +
1
e
·L ·k) ·ui ·uj−L ·gij+ui · Tpij+ T si ·uj+ TS ij , (67)
sTij = gik· sTj
k = (ρT+
1
e
·L·k)·ui·uj−L·gij+ui·
Tpij+
T si·uj+ gik·
TS kl·glj , (68)
where
Tpii = gik ·
Tpik , T si = gil ·
T sl , TSij = gik ·
TS kl · glj .
The variational energy-momentum tensor of Euler-Lagrange Q can be repre-
sented in the standard manner by the use of the projective metrics hu, hu and the
rest mass density ρQ in the form
Q = −ρQ · u⊗ g(u)− u⊗ g(
Qpi)− Qs⊗ g(u)− (QS)g , (69)
where
ρQ = −
1
e2
· [g(u)](Q)(u) , (70)
ρQ = −
1
e2 · gαβ · u
β ·Qγ
α · uγ = − 1e2 ·Qγ
α · uα · u
γ =
= − 1e2 · gij · u
j ·Qk
i · uk = − 1e2 ·Qk
i · ui · u
k ,
(71)
Qpi = −
1
e
· [g(u)](Q)hu = Qpiα · eα =
Qpii · ∂i , (72)
Qpiα = −
1
e
·Qγ
β · uβ · h
γα , Qpii = −
1
e
·Ql
k · uk · h
li , (73)
Qs = −
1
e
· hu(g)(Q)(u) = Qsα · eα =
Qsi · ∂i , (74)
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Qsα = −
1
e
· hαβ · gβγ ·Qδ
γ · uδ , Qsi = −
1
e
· hij · gjk ·Ql
k · ul , (75)
QS = −hu(g)(Q)hu = QSαβ · eα ⊗ eβ =
QSij · ∂i ⊗ ∂j , (76)
QSαβ = −hαγ · gγδ ·Qκ
δ · hκβ , QSij = −hik · gkl ·Qm
l · hmj , (77)
(Q)g = − ρQ · u⊗ u− u⊗
Qpi − Qs⊗ u− QS =
= Qαβ · eα ⊗ eβ = Q
ij · ∂i ⊗ ∂j ,
(78)
Qαβ = gβγ ·Qγ
α = Qγ
α · gβγ , Qij = Qk
i · gkj ,
g(Q) = −ρQ · g(u)⊗ g(u)− g(u)⊗ g(
Qpi)− g(Qs)⊗ g(u)− g(QS)g , (79)
g(Q) = Qαβ ·e
α⊗eβ = Qij ·dx
i⊗dxj , Qαβ = gαγ ·Qβ
γ , Qij = gik ·Qj
k . (80)
In a co-ordinate basis Q, (Q)g and g(Q) can be represented in the forms
Qi
j = −ρQ · ui · u
j − Qpii · u
j − ui ·
Qsj − gik ·
QSjk , (81)
Qij = Qk
i · gkj = −ρQ · u
i · uj − ui · Qpij − Qsi · uj − QSij , (82)
Qij = gik ·Qj
k = −ρQ · ui · uj − ui ·
Qpij −
Qsi · uj − gik ·
QSkl · glj , (83)
where
Qpii = gik ·
Qpik , Qsi = gil ·
Qsl , QSij = gik ·
QSkl · glj .
The introduced abbreviations for the different projections of the energy-momentum
tensors have their analogous forms in V3- and V4-spaces, where their physical in-
terpretations have been proposed [2], [3], [4] (S.383-385), [5]. The stress tensor in
V3-spaces has been generalized to the energy-momentum tensor sT in V4-spaces.
The viscosity stress tensor skT appears as the tensor T in the structure of the
symmetric energy-momentum tensor of Belinfante sT .
On the analogy of the physical interpretation of the different projections, the
following definitions can be proposed for the quantities in the representations of the
different energy-momentum tensors:
A. Generalized canonical energy-momentum tensor of the type 1 ........ θ
(a) Generalized viscous energy-momentum tensor of the type 1 ............ kθ
(b) Rest mass density of the generalized canonical
energy-momentum tensor θ ....................................................................ρθ
(c) Conductive momentum density of the generalized canonical
energy-momentum tensor θ ...................................................................θpi
(d) Conductive energy flux density of the generalized canonical
energy-momentum tensor θ ..................................................................e · θs
(e) Stress tensor of the generalized canonical
energy-momentum tensor θ ....................................................................θS
B. Symmetric energy-momentum tensor of Belinfante of the type 1 ..... sT
(a) Symmetric viscous energy-momentum tensor of the type 1 ..................T
(b) Rest mass density of the symmetric energy-momentum
tensor of Belinfante sT ...........................................................................ρT
(c) Conductive momentum density of the symmetric
energy-momentum tensor of Belinfante sT ..............................................
T pi
(d) Conductive energy flux density of the symmetric
energy-momentum tensor of Belinfante sT ............................................e ·
T s
(e) Stress tensor of the symmetric energy-momentum
tensor of Belinfante sT ..........................................................................
T S
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C. Variational (active) energy-momentum tensor of Euler-Lagrange. .. Q
(a) Rest mass density of the variational energy-momentum
tensor of Euler-Lagrange Q .................................................................... ρQ
(b) Conductive momentum density of the variational
energy-momentum tensor of Euler-Lagrange Q .........................................Qpi
(c) Conductive energy flux density of the variational
energy-momentum tensor of Euler-Lagrange Q ....................................... e · Qs
(d) Stress tensor of the variational energy-momentum
tensor of Euler-Lagrange Q ....................................................................QS
The projections of the energy-momentum tensors have properties which are due
to their construction, the orthogonality of the projective metrics hu and h
u corre-
spondingly, and to the vector fields u and g(u) [hu(u) = 0, h
u[g(u)] = 0]
g(u,θ pi) = g(θpi, u) = 0 , g(u, Tpi) = 0 , g(u, Qpi) = 0 , (84)
g(u,θ s) = g(θs, u) = 0 , g(u,T s) = 0 , g(u,Q s) = 0 , (85)
g(u)(θS) = 0, (θS)g(u) = 0 , g(u)(TS) = 0 , (TS)g(u) = 0 ,
g(u)(QS) = 0 , (QS)g(u) = 0 .
(86)
From the properties of the different projections, it follows that the conductive
momentum density pi (or pi) is a contravariant vector field orthogonal to the vector
field u. The conductive energy flux density e·s (or e·s) is also a contravariant vector
field orthogonal to u. The stress tensor S (or S) is orthogonal to u independently
of the side of the projection by means of the vector field u.
The second covariant Noether identity θ− sT ≡ Q can be written by the use of
the projections of the energy-momentum tensors in the form
(ρθ − ρT + ρQ) · u⊗ g(u) + u⊗ g(
θpi − Tpi + Qpi)+
+ (θs− T s+ Qs)⊗ g(u) + (θS − TS + QS)g ≡ 0 .
(87)
After contraction of the last expression consistently with u and g and taking
into account the properties (84) ÷ (86) the second covariant Noether identity disin-
tegrates in identities for the different projections of the energy-momentum tensors
ρθ ≡ ρT − ρQ ,
θpi ≡ Tpi − Qpi , θs ≡ T s− Qs , θS ≡ TS − QS . (88)
If the covariant Euler-Lagrange equations of the type δvL/δV
A
B = 0 are fulfilled
[8] for the non-metric tensor fields of a Lagrangian system and gQ = 0, then the
variational energy-momentum of Euler-Lagrange Q = vQ + gQ is equal to zero.
This fact leads to vanishing the invariant projections of Q (ρQ = 0,
Qpi = 0, Qs = 0,
QS = 0). The equality which follows between θ and sT has as corollaries the
identities
ρθ ≡ ρT ,
θpi ≡ Tpi , θs ≡ T s , θS ≡ TS . (89)
From the first identity (ρθ ≡ ρT ) and the identity (88) for ρ , it follows that
the covariant Euler-Lagrange equations of the type δvL/δV
A
B = 0 for non-metric
fields V and gQ = 0 appear as sufficient conditions for the unique determination of
the notion of rest mass density ρ for a given Lagrangian system.
Proposition 1 The necessary and sufficient condition for the equality
ρθ = ρT (90)
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is the condition ρQ = 0.
Proof: It follows immediately from the first identity in (88).
The condition ρQ 6= 0 leads to the violation of the unique determination of
the notion of rest mass density and to the appearance of three different notions of
rest mass density corresponding to the three different energy-momentum tensors
for a Lagrangian system. Therefore, the violation of the covariant Euler-Lagrange
equations δvL/δV
A
B = 0 for the non-metric tensor fields or the existence of metric
tensor fields in a Lagrangian density with gQ 6= 0 induce a new rest mass density
(a new rest mass respectively) for which the identity (88) is fulfilled.
The identity ρθ ≡ ρT − ρQ can be related to the physical hypotheses about the
inertial, passive and active gravitational rest mass densities in models for describing
the gravitational interaction. To every energy-momentum tensor a non-null rest
mass density corresponds. The existence of the variational energy-momentum tensor
of Euler-Lagrange is connected with the existence of the gravitational interaction in
a Lagrangian system in Einstein’s theory of gravitation [7] and therefore, with the
existence of a non-null active gravitational rest mass density. When a Lagrangian
system does not interact gravitationally, the active gravitational rest mass density
is equal to zero and the principle of equivalence between the inertial and the passive
rest mass density is fulfilled [6], [7].
From the second covariant Noether identity of the type 1 by means of the rela-
tions
G = g(G)g , G = g(G)g ,
one can find the second covariant Noether identity of the type 2 for the energy-
momentum tensors of the type 2 in the form
θ − sT ≡ Q , (91)
where
θ = g(θ)g , sT = g(sT )g , Q = g(Q)g . (92)
The invariant representation of the energy-momentum tensors by means of the
projective metrics hu, hu and the rest mass density allows a comparison of these
tensors with the well known energy-momentum tensors from the continuum media
mechanics (for instance, with the energy-momentum tensor of an ideal liquid in
V4-spaces:
sTi
j = (ρ+
1
e
· p) · ui · u
j − p · gji , e = const. 6= 0, k = 1 . (93)
It follows from the comparison that the Lagrangian invariant L can be inter-
preted as the pressure p = L characterizing the Lagrangian system. This possibility
for an other physical interpretation than the usual one (in the mechanics L is in-
terpreted as the difference between the kinetic and the potential energy) allows a
description of Lagrangian systems on the basis of phenomenological investigations
determining the dependence of the pressure on other dynamical characteristics of
the system. If these relations are given, then by the use of the method of La-
grangians with covariant derivatives (MLCD) the corresponding covariant Euler-
Lagrange equations can be found as well as the energy-momentum tensors.
3 Stress (tension) tensor
Let us now consider closer the introduced stress tensors GS (G ∼ θ, sT , Q) obtained
from the different energy-momentum tensors θ, sT , and Q.
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3.1 Representation of the stress (tension) viscosity tensor
field
The tensor GS has the structure of a contravariant tensor of second rank of the type
GS = hu(g)(G)hu = hik · gkl ·Gm
l · hmj · ∂i ⊗ ∂j =
= g(hu)g(g)(G)g(hu)g = g(hu)(G)g(hu)g = (94)
= GSij · ∂i ⊗ ∂j ,
where
hu = g(hu)g , G = Gi
j · ∂j ⊗ dx
i . (95)
The corresponding covariant tensor of second rank g(GS)g will have the forms
g(GS)g = g(g)(hu)(G)g(hu)g(g) = (hu)(G)g(hu) =
= hik ·Gm
k · gml · hlj · dx
i ⊗ dxj
= hik ·
GSkl · hlj · dx
i ⊗ dxj =
= hu(B˜)hu := A˜ , (96)
where
B˜ = (G)g , hu = hu(g)hu = g(h
u)g . (97)
An energy-momentum tensor G (G ∼ θ, sT , Q) can now be represented in the
form
g(G) = εG · g(u)⊗ g(u) + g(u)⊗ g(
Gpi) + g(Gs)⊗ g(u) + g(GS)g =
= εG · g(u)⊗ g(u) + g(u)⊗ g(
Gpi) + g(Gs)⊗ g(u) + hu(B˜)hu . (98)
On the other side, the stress tensor GS could be expressed by its viscosity part
kS and its pressure part L · KrS
GS = kS − L · KrS , L = p . (99)
Since
G = kG− L ·Kr , (100)
we will concentrate our attention to the representation of the viscosity tensor field
kG. It can be represented in analogous way as the energy-momentum tensor G
kG = εk · u⊗ g(u) + u⊗ g(
kpi) + ks⊗ g(u) + (kS)g , (101)
g(kG) = εk · g(u)⊗ g(u) + g(u)⊗ g(
kpi) + g(ks)⊗ g(u) + g(kS)g .(102)
The covariant tensor of second rank g(kS)g, called stress (tension) viscosity
tensor, could now be written in the forms
g(kS)g = g(g)(hu)(kG)g(hu)g(g) = (hu)(kG)g(hu) =
= hik · kGm
k · gml · hlj · dx
i ⊗ dxj =
= hik ·
kSkl · hlj · dx
i ⊗ dxj =
= hu(B)hu := A , (103)
where
B = (kG)g = kGm
i · gmj · ∂i ⊗ ∂j = B
ij · ∂i ⊗ ∂j . (104)
The tensor B can further be expressed by its symmetric and antisymmetric parts
sB =
1
2
· (B ij + B ji) · ∂i.∂j , aB =
1
2
· (B ij − B ji) · ∂i ∧ ∂j . (105)
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The stress (tension) viscosity tensor A can be represented as a sum, containing
three terms: a trace-free symmetric term, an antisymmetric term and a trace term
A = ksD + kW +
1
n− 1
· kU · hu , (106)
where
ksD = kD −
1
n− 1
· g[kD] · hu = kD −
1
n− 1
· kU · hu , (107)
g[ksD] = g
ij · ksDij = 0 , (108)
kD = hu(sB)hu , kU = g[kD] = g[sA] , (109)
sA =
1
2
· (Aij +Aji) · dx
i.dxj , (110)
kU = g
ij · kDij = g
ij · sAij . (111)
The trace-free symmetric tensor ksD is called shear stress (tension) viscosity
tensor (stress deviator), the antisymmetric tensor kW is called rotation (vortex)
stress viscosity tensor, the invariant kU is called expansion stress viscosity invariant.
The viscosity tensor field kG could now be written in the forms
g(kG) = εk · g(u)⊗ g(u) + g(u)⊗ g(
kpi) + g(ks)⊗ g(u) + g(kS)g =
= εk · g(u)⊗ g(u) + g(u)⊗ g(
kpi) + g(ks)⊗ g(u) +A =
= εk · g(u)⊗ g(u) + g(u)⊗ g(
kpi) + g(ks)⊗ g(u) +
+ ksD + kW +
1
n− 1
· kU · hu . (112)
The energy-momentum tensor G will have the form
G = (ρG +
1
e
· L · k) · u⊗ g(u)− L ·Kr + u⊗ g(kpi) + ks⊗ g(u) +
+g(ksD) + g(kW ) +
1
n− 1
· kU · g(hu) , (113)
or the form
g(G) = (ρG +
1
e
· L · k) · g(u)⊗ g(u)− L · g(Kr) + g(u)⊗ g(kpi) + g( ks)⊗ g(u) +
+ ksD + kW +
1
n− 1
· kU · hu . (114)
The vector field
kG(ξ(a)⊥) = g(
kpi, ξ(a)⊥) · u+ g[(ksD)(ξ(a)⊥) + (kW )(ξ(a)⊥)] +
1
n− 1
· kU · ξ(a)⊥
(115)
is called stress vector field. It describes the stress along the vector field ξ(a)⊥ but is
not collinear to ξ(a)⊥. The following relation is also fulfilled
Kr(ξ(a)⊥) = g
i
j · ξ
j
(a)⊥ = g
i
j · g
jk · hkl · ξ
l · ∂i = g
ik · hkl · ξ
l · ∂i =
= f i m · g
mk · hkl · ξ
l · ∂i . (116)
If we write the vector field ξ(a)⊥ in the form
ξ(a)⊥ = r · n(a)⊥ , g(n(a)⊥, n(a)⊥) = ε , ε = ±1 , (117)
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then
A(ξ(a)⊥, ξ(a)⊥) = r
2 · A(n(a)⊥, n(a)⊥) = r
2 · σN =
= r2 · ksD(n(a)⊥, n(a)⊥)±
1
n− 1
· kU · r
2 , (118)
where
hu(n(a)⊥, n(a)⊥) = ±r
2 , σN = ksD(n(a)⊥, n(a)⊥)±
1
n− 1
· kU . (119)
The hypersurface
A(ξ(a)⊥, ξ(a)⊥) = σN · r
2 = ±k 2 , k = const. , (120)
is called Cauchy stress hypersurface. It follows, that for a Cauchy stress hypersurface
the relation
σN = ksD(n(a)⊥, n(a)⊥)±
1
n− 1
· kU = ±
k
2
r2
(121)
is fulfilled.
Special case: ksD := 0:
σN = ±
1
n− 1
· kU = ±
k
2
r2
, kU = (n− 1) ·
k
2
r2
. (122)
The trace term
1
n− 1
· kU · hu (123)
could be written by the use of the explicit form of the covariant projective metric
hu
1
n− 1
· kU · hu =
1
n− 1
· kU · [g −
1
e
· g(u)⊗ g(u)] =
=
1
n− 1
· [ kU · g −
1
e
· kU · g(u)⊗ g(u)] =
=
1
n− 1
· kU · g −
1
n− 1
·
1
e
· kU · g(u)⊗ g(u) . (124)
By means of the last expression we can represent g(G) in the form
g(G) = (ρG −
1
n− 1
·
1
e
· kU +
1
e
· L · k) · g(u)⊗ g(u)− L · g(Kr) +
1
n− 1
· kU · g +
+g(u)⊗ g(kpi) + g( ks)⊗ g(u) + ksD + kW (125)
g(G) = (ρG −
1
e
· kE +
1
e
· L · k) · g(u)⊗ g(u)− L · g(Kr) + kE · g +
+g(u)⊗ g(kpi) + g( ks)⊗ g(u) + ksD + kW , (126)
g(G) = [ρG +
1
e
· (L · k − kE)] · g(u)⊗ g(u)− L · g(Kr) + kE · g +
+g(u)⊗ g(kpi) + g( ks)⊗ g(u) + ksD + kW , (127)
where
kE =
1
n− 1
· kU (128)
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is the inner energy density. The pressure p is considered as a hydrostatic stress
invariant. The tensor p · Kr + kE · g(g) is called hydrostatic stress tensor. It
contains a part with the pressure p and a part induced by the inner energy density
kE.
Special case: (Ln, g)-spaces: S = C. In this special case f
i
j = g
i
j, k = 1,
g(Kr) = g(gij · ∂i ⊗ dx
j) = gkl · g
l
j · dx
k ⊗ dxj =
= gkl · g
l
j · dx
k ⊗ dxj = gkj · dx
k ⊗ dxj = g , (129)
g(G) = (ρG −
1
e
· kE +
1
e
· L) · g(u)⊗ g(u)− (L− kE) · g +
+g(u)⊗ g(kpi) + g( ks)⊗ g(u) + ksD + kW , (130)
g(G) = (ρG +
1
e
· p) · g(u)⊗ g(u)− p · g +
+g(u)⊗ g(kpi) + g( ks)⊗ g(u) + ksD + kW , (131)
where
p = L− kE = p− kE . (132)
It is obvious from the last expressions, that the structure of the invariant p
includes not only the pressure p but also the inner energy density kE, which acts in
the flow on the one side as a rest mass density (1/e) · kE and, on the other side, as
an additional pressure kE. Usually [2], the invariant p is interpreted as the pressure
of a system in a more general sense than as the hydrostatic pressure. The invariant
p could vanish under two different types of conditions:
(a) p = 0 if p = 0 and kE = 0.
(b) p = 0 if p = kE.
In both cases we have for g(G)
g(G) = ρG · g(u)⊗ g(u) + g(u)⊗ g(
kpi) + g( ks)⊗ g(u) + ksD + kW . (133)
For kpi = 0, ks = 0, ksD = 0, and kW = 0 the energy-momentum tensors for
dust matter follow
g(G) = ρG · g(u)⊗ g(u) . (134)
The last result shows that dust matter could exist under different inner condi-
tions for the hydrostatic pressure and the inner energy.
4 Relations between stresses (tensions) and defor-
mations
The considered notions of deformation velocity and deformation acceleration are
kinematic quantities of a continuous media (flow). On the other side, the energy-
momentum tensors and their corresponding viscosity tensors are related to the
dynamic characteristics of a continuous media. The assumption that deformations
generate stresses and motions in a media (flow) does not lead to a unique (logically
consistent) way for finding relations between stresses and deformations. For any
specific branch of the continuous media mechanics (elasticity theory, plasticity the-
ory, viscosity theory, hydrodynamics etc.) different relations between stresses and
deformations are assumed. In general, the most of these assumptions are included
in the precondition
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stresses= stresses (friction velocity, deformations, deformation velocity).
The vector fields ξ(a)⊥ [and /or their corresponding infinitesimal vectors ξ(a)⊥ =
dλa · ξ(a)⊥ (over a is not summarized)], introduced in the preconditions, are inter-
preted as deformation vector fields, orthogonal to the velocity of the continuous
media in the space-time. This interpretation of ξ(a)⊥ and ξ(a)⊥ coincides with
the interpretation of ξ(a)⊥ (ξ(a)⊥) as the distance between two material points P
and P in a flow with the corresponding co-ordinates xi = xi(τ0, λ
a
0 + dλ
a) and
xi = xi(τ0, λ
a
0) after a deformation. The point P is the point P after a deformation,
and the point P is the point P ′ taking the place of the point P after the same
deformation, i.e. after a deformation we have the changes of the points P ′ and P
P
′
→ P
ξ(a)⊥
→ P , (135)
xi = xi(τ0, λ
a
0 + dλ
a) = xi(τ0, λ
a
0) + dλ
a ·
(
dxi
dλa
)
(τ0,λ0)
=
= xi + ξ i(a)⊥ . (136)
The vector ξ(a)⊥ is then called deformation vector. The act of deformation itself
is not considered. Only the result of the deformation (the deformation vector ξ(a)⊥)
is taken into account in all investigations. This means that at a given moment (time-
point τ0) we have a picture of a continuous media after a (possible) deformation and
all future deformations, stresses and motions of this media are further considered
by the use of the tools of continuous media mechanics.
Remark. The interpretation of ξ(a)⊥ as a deformation vector is not necessary for
the considerations of the relative velocity and the relative acceleration with their
kinematic characteristics. It is needed if we wish to consider the different relations
from elasticity theory (Hook’s law) and hydrodynamics (different types of flows)
from a general point of view.
Conjecture. The stress (tension) viscosity tensor g(kS)g = A could be consid-
ered in general as a function of the friction deformation velocity tensor R and the
deformation velocity tensor d
A = A(R, d) ,
A = Aij · dx
i ⊗ dxj ,
d = dij · dx
i ⊗ dxj ,
R = Rij · dx
i ⊗ dxj . (137)
On the basis of different specializations of the form of dependence of A on d and
R, we can find generalizations of well known schemes from the classical continuous
media mechanics in Euclidean spaces En (n = 3).
4.1 Linear elasticity theory
In a linear elasticity theory the viscosity tensor g(kS)g = A depends linearly only
on the friction deformation velocity tensor R
Aij = Cij
km · Rkm , A = C[R] ,
C = Cij
km · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m ∈ ⊗2
2(M) ,
R = Rij · dx
i ⊗ dxj ∈ ⊗2(M) ,
R = σR+ ωR+
1
n− 1
· θR · hu ,
A = ksD + kW +
1
n− 1
· kU · hu ,
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A[C] = C[σR+ ωR+
1
n− 1
· θR · hu] =
= C[σR] + C[ωR] +
1
n− 1
· θR · C[hu] . (138)
where Cij
km are components of the tensor of elasticity coefficients. They should
obey the conditions
Cij
km · ui = 0 , Cij
km · uj = 0 . (139)
On the other side, we have to decompose the tensor of elasticity coefficients
C = Cij
km · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m with respect to the basis dx
i ⊗ dxj in a trace-free
symmetric part, antisymmetric part, and trace part [in correspondence with the
structure of A]
C = sC + aC +
1
n− 1
· g[C] · hu ,
where
sC = sC −
1
n− 1
· g[C] · hu , g[sC] = 0 , (140)
sC =
1
2
· (Cij
km + Cji
km) · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m =
= C(ij)
km · dxi.dxj ⊗ ∂k ⊗ ∂m ,
g[C] = g[sC] = g
ij · Cij
km · ∂k ⊗ ∂m ,
aC =
1
2
· (Cij
km − Cji
km) · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m =
= C[ij]
km · dxi ∧ dxj ⊗ ∂k ⊗ ∂m .
For the viscosity tensor A, the following expressions are valid:
A = C[R] = (sC + aC +
1
n− 1
· g[C] · hu)[R] = (141)
= sC[R] + aC[R] +
1
n− 1
· (g[C])[R] · hu =
= ksD + kW +
1
n− 1
· kU · hu ,
(g[C])[R] = (g[sC])[R] = g
ij · Cij
km · Rkm .
The above relation for A : A = C[R] is called generalized Hook’s law. Since
A = ksD + kW +
1
n−1 · kU · hu, the generalized Hook’s law could be decomposed
in its three parts
ksD = sC[R] = sC[σR+ ωR+
1
n− 1
· θR · hu] =
= sC[σR] + sC[ωR] +
1
n− 1
· θR · sC[hu] , (142)
kW = aC[R] = aC[σR+ ωR+
1
n− 1
· θR · hu] =
= aC[σR] + aC[ωR] +
1
n− 1
· θR · aC[hu] , (143)
kU = (g[C])[R] = (g[C])[σR+ ωR+
1
n− 1
· θR · hu] =
= (g[C])[σR] + (g[C])[ωR] +
1
n− 1
· θR · (g[C])[hu] . (144)
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Remark. Usually, only the relation ksD = sC[σR] +
1
n−1 · θR · sC[hu] is
considered as generalized Hook’s law in E3-spaces. The other two relations (for
ksD = sC[ωR] and for kW = aC[R]) are not taken into account because of the
assumption ωR = 0 and consideration of the symmetric energy-momentum sT (for
which kW = 0) instead of the (generalized) canonical energy-momentum tensor θ.
4.1.1 Isotropic elastic media
Definition 2 A continuous media (flow) for which the components Cij
km of the
tensor of elasticity coefficients C has the forms
Cij
km = λ1 · hil · hjn · g
lk · gnm + λ2 · hij · g
km , (145)
C = λ1 · hu(g)⊗ hu(g) + λ2 · hu ⊗ g
is called isotropic elastic media [?].
For the isotropic elastic media the following relations are fulfilled:
Aij = λ1 ·Rij + λ2 · θR · hij =
= λ1 · (σRij + ωRij) + (
λ1
n− 1
+ λ2) · θR · hij , (146)
or
Aij = λ1 · (σRij + ωRij) + λ · θR · hij , (147)
λ =
λ1
n− 1
+ λ2 .
The constant λ1 and λ are called Lame constant.
Since the viscosity tensor g(kS)g = A could be written in the forms
g(kS)g = A = ksD + kW +
1
n− 1
· kU · hu =
= λ1 · (σR+ ωR) + λ · θR · hu , (148)
we can decompose the generalized Hook’s law for isotropic elastic media in its three
parts
ksD = λ1 · σR , (149)
kW = λ1 · ωR , (150)
kU = λ · θR . (151)
The energy-momentum tensors G ∼ (θ, sT ) will have for isotropic elastic media
the form
g(G) = (ρG +
1
e
· p · k) · g(u)⊗ g(u)− p · g(Kr) + g(u)⊗ g(kpi) + g(ks)⊗ g(u) +
+λ1 · (σR+ ωR) + λ · θR · hu . (152)
Let us find now the explicit form of the part hu(
kG)(ξ(a)⊥) of the stress vector
field kG(ξ(a)⊥) orthogonal to the vector field u for isotropic elastic media
(hu)(
kG)(ξ(a)⊥) = [(ksD)(ξ(a)⊥) + (kW )(ξ(a)⊥)] +
1
n− 1
· kU · hu(ξ(a)⊥) = A(ξ(a)⊥) ,(153)
hu(
kG)(ξ(a)⊥) = A(ξ(a)⊥) = [λ1 · (σR+ ωR) + λ · θR · hu](ξ(a)⊥) =
= λ1 · [σR(ξ(a)⊥) +ω R (ξ(a)⊥)] + λ · θR · g(ξ(a)⊥) . (154)
The considered relations could be implemented for description of isotropic elastic
media in (Ln, g)-spaces.
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4.2 Hydrodynamics
In the theory of fluids two major types of fluids are considered [?]:
(a) Stokes’ fluids
(b) Newton’s fluids.
Definition 3 Stokes’ fluid. A flow with A = A(d) [Aij = Aij(dkl)] is called Stokes’
fluid.
Definition 4 Newton’ fluid. A flow with A = Nk[d] [Aij = Nkij
km · dkm] and
C = Nk is called Newton’s fluid.
4.2.1 Newton’s fluids
In the Newton fluid the viscosity tensor g(kS)g = A depends linearly only on the
deformation velocity tensor d
Aij = Nkij
km · dkm , A = Nk[d] ,
Nk = Nkij
km · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m ∈ ⊗2
2(M) ,
d = dij · dx
i ⊗ dxj ∈ ⊗2(M) ,
d = σ + ω +
1
n− 1
· θ · hu ,
A = ksD + kW +
1
n− 1
· kU · hu ,
A[d] = Nk[σ + ω +
1
n− 1
· θ · hu] =
= Nk[σ] + Nk[ω] +
1
n− 1
· θ · Nk[hu] . (155)
The components Nkij
km of the tensor Nk ∈ ⊗2
2(M) are called viscosity coeffi-
cients. They should obey the conditions
Nkij
km · ui = 0 , Nkij
km · uj = 0 . (156)
On the other side, we have to decompose the tensor of viscosity coefficients
Nk = Nkij
km · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m with respect to the basis dx
i ⊗ dxj in a trace-
free symmetric part, antisymmetric part, and trace part [in correspondence with
the structure of A]
Nk = sNk + aNk +
1
n− 1
· g[Nk] · hu , (157)
where
sNk = sNk −
1
n− 1
· g[Nk] · hu , g[sNk] = 0 , (158)
sNk =
1
2
· (Nkij
km + Nkji
km) · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m =
= Nk(ij)
km · dxi.dxj ⊗ ∂k ⊗ ∂m ,
g[Nk] = g[sNk] = g
ij · Nkij
km · ∂k ⊗ ∂m ,
aNk =
1
2
· (Nkij
km − Nkji
km) · dxi ⊗ dxj ⊗ ∂k ⊗ ∂m =
= Nk[ij]
km · dxi ∧ dxj ⊗ ∂k ⊗ ∂m .
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For the viscosity tensor A, the following expressions are valid:
A = Nk[d] = (sNk + aNk +
1
n− 1
· g[Nk] · hu)[d] =
= sNk[d] + aNk[d] +
1
n− 1
· (g[Nk])[d] · hu = (159)
= ksD + kW +
1
n− 1
· kU · hu ,
(g[Nk])[d] = (g[sNk])[d] = g
ij · Nkij
km · dkm .
The above relation for A : A = Nk[d] is called generalized viscosity tensor for
Newton’s fluids. Since A = ksD + kW +
1
n−1 · kU · hu, the generalized Hook’s law
could be decomposed in its three parts
ksD = sNk[d] = sNk[σ + ω +
1
n− 1
· θ · hu] =
= sNk[σ] + sNk[ω] +
1
n− 1
· θ · sNk[hu] , (160)
kW = aNk[d] = aNk[σ + ω +
1
n− 1
· θ · hu] =
= aNk[σ] + aNk[ω] +
1
n− 1
· θ · aNk[hu] , (161)
kU = (g[Nk])[d] = (g[Nk])[σ + ω +
1
n− 1
· θ · hu] =
= (g[Nk])[σ] + (g[Nk])[ω] +
1
n− 1
· θ · (g[Nk])[hu] . (162)
Remark. Usually, only the relation ksD = sNk[σ]+
1
n−1 · θ· sNk[hu] is considered
as generalized viscosity tensor for Newton’s fluids in E3-spaces. The other two rela-
tions (for ksD = sNk[ω] and for kW = aNk[d]) are not taken into account because
of the assumption ω = 0 and consideration of the symmetric energy-momentum sT
(for which kW = 0) instead of the (generalized) canonical energy-momentum tensor
θ.
4.2.2 Isotropic homogeneous Newton’s fluids
For an isotropic homogeneous Newton’s fluid the components Nkij
km will have a
form analogous to this for isotropic elastic media
Nkij
km = k1 · hil · hjn · g
lk · gnm + k2 · hij · g
km , (163)
Nk = k1 · hu(g)⊗ hu(g) + k2 · hu ⊗ g .
The constant k1 is called first viscosity coefficient. For the components Aij of
the viscosity tensor g(kS)g = A and for the tensor A we obtain
Aij = (k1 · hil · hjn · g
lk · gnm + k2 · hij · g
km) · dkm =
= k1 · hil · hjn · g
lk · gnm · dkm + k2 · hij · g
km · dkm =
= k1 · dij + k2 · hij · g
km · dkm = k1 · dij + k2 · θ · hij , (164)
A = k1 · d+ k2 · θ · hu = k1 · (σ + ω +
1
n− 1
· θ · hu) + k2 · θ · hu =
= k1 · (σ + ω) + (
k1
n− 1
+ k2) · θ · hu =
= k1 · (σ + ω) + k2 · θ · hu , k2 =
k1
n− 1
+ k2 . (165)
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Since the viscosity tensor g(kS)g = A could be written in the forms
g(kS)g = A = ksD + kW +
1
n− 1
· kU · hu =
= k1 · (σ + ω) + k2 · θ · hu , (166)
we can decompose the generalized Hook’s law for isotropic elastic media in its three
parts
ksD = k1 · σ , (167)
kW = k1 · ω , (168)
kU = (n− 1) · k2 · θ = k · θ . (169)
The energy-momentum tensors G ∼ (θ, sT ) will have for isotropic elastic media
the form
g(G) = (ρG +
1
e
· p · k) · g(u)⊗ g(u)− p · g(Kr) + g(u)⊗ g(kpi) + g(ks)⊗ g(u) +
+k1 · (σ + ω) + k2 · θ · hu . (170)
For g[A] = gij ·Aij = g
ij · Aij , it follows the expression
g[A] = gij ·Aij = (
k1
n− 1
+ k2) · θ · g[hu] = [k1 + (n− 1) · k2] · θ = (171)
= k · θ = (n− 1) · k2 · θ . (172)
The constant k is called volume viscosity coefficient. The condition k = 0 (n 6= 1)
is called Stokes’ condition. It leads to g[A] = 0 and to vanishing of the inner energy
(enthalpy) density
kE =
1
n− 1
· kU = 0 , (173)
because of kU = g[sA] = g[A] = 0.
For a fluid with kE = 0 we have the canonical form of the energy-momentum
tensors G (G ∼ θ, sT )
G = (ρG +
1
e
· p · k) · u⊗ g(u)− p ·Kr + u⊗ g(kpi) + ks⊗ g(u) +
+g(ksD) + g(kW ) . (174)
Special case: Isotropic homogeneous Newton’s fluid with k2 = 0. For k2 = 0, it
follows that
Nkij
km = k1 · hil · hjn · g
lk · gnm , Nk = k1 · hu(g)⊗ hu(g) , (175)
Aij = k1 · hil · hjn · g
lk · gnm · dkm = k1 · dij , A = k1 · d ,(176)
kU = g[sA] = g[A] = k1 · g[d] = k1 · θ , kE =
k1
n− 1
· θ . (177)
Let us now consider the trace g[g(G)] = gij ·Gij of the energy-momentum tensors
G ∼ (θ, sT ). By the use of the relations
g[g(u)⊗ g(ξ)] = gij · gik · u
k · gjl · ξ
l = g(u, ξ) ,
g[g(G)] = ρG · e+ {k − g[g(Kr)]} · p ,
g(Kr) = gij · dx
i ⊗ dxj ,
g[g(Kr)] = gij · gij = f
k
j · gik · g
ij = fk j · g
j
k = f
k
k = f ,
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the explicit form for g[g(G)] follows as
g[g(G)] = ρG · e+ (k − f) · p . (178)
Now we can express the pressure p by means the rest mass density ρG and the
trace g[g(G)] of the energy-momentum tensor G
p =
1
f − k
· (ρG · e− g[g(G)]) =
=
1
f − k
· (ρG · gij · u
i · uj − gij ·Gij) . (179)
If we knew the explicit form of ρG and Gij (on the basis of experimental data)
we can find the corresponding Euler-Lagrange’s equations for the unknown field
variables on which the pressure p = L depends.
Special case: (Ln, g)-spaces: S = C : f
i
j = g
i
j , f = g
k
k = n, k = 1
g[g(G)] = ρG · e+ (1− n) · p ,
p =
1
n− 1
· (ρG · e− g[g(G)]) . (180)
4.2.3 Barotropic systems
Definition 5 Dynamical system for which the pressure p is depending only on ρG ·e
is called barotropic system [?].
All isotropic homogeneous Newton’s fluids with vanishing volume viscosity coef-
ficient k (k = 0) and vanishing trace g[g(G)] [g[g(G)] = 0] of their energy-momentum
tensors G are barotropic systems fulfilling the condition
L = p =
1
f − k
· ρG · e . (181)
Special case: (Ln, g)-spaces: S = C : f
i
j = g
i
j , f = g
k
k = n, k = 1, g[g(G)] =
0
p =
1
n− 1
· ρG · e . (182)
For n = 4 :
p =
1
3
· ρG · e . (183)
5 Navier-Stokes’s identities. Generalized Navier-
Stokes’ equation
By the use of the method of Lagrangians with covariant derivatives (MLCD) [8]
the different energy-momentum tensors and the covariant Noether’s identities for a
field theory as well as for a theory of continuous media can be found. On the basis
of the (n − 1) + 1 projective formalism and by the use of the notion of covariant
divergency of a tensor of second rank the corresponding covariant divergencies of
the energy-momentum tensors could be found. They lead to Navier-Stokes’ identity
and to the corresponding generalized Navier-Stokes’ equations.
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5.1 Covariant divergency of the energy-momentum tensors
and the rest mass density
The covariant divergency δG of the energy-momentum tensor δG (G ∼ θ, sT , Q)
can be represented by the use of the projective metrics hu, hu of the contravariant
vector field u and the rest mass density for the corresponding energy-momentum
tensor. In this case the representation of the energy-momentum tensor is in the
form
G = (ρG +
1
e
· L · k) · u⊗ g(u)− L ·Kr + u⊗ g(kpi) + ks⊗ g(u) + (kS)g , (184)
where
kpi = Gpi , ks = Gs , kS = GS . (185)
By the use of the relations
u(ρG +
1
e · L · k) = uρG + L · u(
1
e · k) +
1
e · k · (uL) =
= [ρG/α + L · (
1
e · k)/α +
1
e · k · L/α] · u
α =
= [ρG,j + L · (
1
e · k),j +
1
e · k · L,j ] · u
j ,
(186)
KrL = L/α · e
α = L,i · dx
i = ∇KrL , (187)
δ(L ·Kr) = KrL+ L · δKr , (188)
δ(L ·Kr) = 12 · [∇g(L ·Kr)]g = (L · g
β
α)/β · e
α = (L · gji );j · dx
i =
= (L/β · g
β
α + L · g
β
α /β) · e
α = (L,i + L · g
j
i ;j) · dx
i ,
(189)
δ(u⊗ g(Gpi)) = δu · g(Gpi) + g(∇u
Gpi) + (∇ug)(
Gpi) , (190)
δ(Gs⊗ g(u)) = δGs · g(u) + g(∇Gsu) + (∇Gsg)(u) , (191)
δ((GS)g) = (gαγ ·
GS βγ)/β · e
α [see (??)],
δG and g(δG) can be found in the forms
δG = (ρG +
1
e · L · k) · g(a)+
+[u(ρG +
1
e · L · k) + (ρG +
1
e · L · k) · δu+ δ
Gs] · g(u)−
− KrL− L · δKr + δu · g(Gpi) + g(∇u
Gpi) + g(∇Gsu)+
+ (ρG +
1
e · L · k) · (∇ug)(u) + (∇ug)(
Gpi) + (∇Gsg)(u)+
+ δ((GS)g) ,
(192)
g(δG) = (ρG +
1
e · L · k) · a+
+[u(ρG +
1
e · L · k) + (ρG +
1
e · L · k) · δu+ δ
Gs] · u−
− g(KrL)− L · g(δKr) + δu · Gpi +∇u
Gpi +∇Gsu+
+ (ρG +
1
e · L · k) · g(∇ug)(u) + g(∇ug)(
Gpi) + g(∇Gsg)(u)+
+ g(δ((GS)g)) .
(193)
In a co-ordinate basis δG and g(δG) will have the forms
Gi
j
;j = (ρG +
1
e · L · k) · ai+
+ [(ρG +
1
e · L · k),j · u
j + (ρG +
1
e · L · k) · u
j
;j +
Gsj ;j] · ui−
−L,i − L · g
j
i ;j + u
j
;j ·
Gpii + gij · (
Gpij ;k · u
k + uj ;k ·
Gsk)+
+ gij;k · [(ρG +
1
e · L · k) · u
j · uk + Gpij · uk + uj · Gsk]+
+ (gik ·
GS jk);j ,
(194)
gik ·Gk
j
;j = (ρG +
1
e · L · k) · a
i+
+ [(ρG +
1
e · L · k),j · u
j + (ρG +
1
e · L · k) · u
j
;j +
Gsj ;j] · u
i−
−L,j · g
ij − L · gik · gjk ;j + u
j
;j ·
Gpii + Gpii ;j · u
j + ui ;j ·
Gsj+
+ gil · glj;k · [(ρG +
1
e · L · k) · u
j · uk + Gpij · uk + uj · Gsk]+
+ gil · (glk ·
GS jk);j .
(195)
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5.2 Covariant divergency of the energy-momentum tensors
for linear elastic theory
For linear elastic theory we have to specialize the structure of the term δ((GS)g)
in the expression for the divergency of the energy-momentum tensor G ∼ (θ, sT ).
Since (GS)g = (kS)g = g(g(kS)g) = g(A), we have
δ((GS)g) = δ(g(A)) . (196)
5.2.1 Representation of δ(g(A))
For g(A) = g( ksD) + g(kW ) +
1
n−1 · kU · g(hu) we obtain by the use of the general
formulae for covariant divergency of a tensor field
δ(g(A)) = δ(g( ksD)) + δ(g(kW )) +
1
n− 1
· δ(kU · g(hu)) , (197)
where
δ(g(A)) = (gijAjk);i · dx
k = (gij ;i · Ajk + g
ij ·Ajk;i) · dx
k =
= gij ;i · (ksDjk + kW jk +
1
n− 1
· kU · hjk) · dx
k +
+gij · [ksDjk;i + kW jk;i +
1
n− 1
· (kU ,i · hjk + kU · hjk;i)] · dx
k ,(198)
δ(g( ksD)) = δ(g(sC[σR])) + δ(g(sC[ωR])) +
1
n− 1
· δ(θR · g(sC[hu])) ,
δ(g( kW )) = δ(g(aC[σR])) + δ(g(aC[ωR])) +
1
n− 1
· δ(θR · g(aC[hu])) ,
δ(kU · g(hu)) = δ((g[C])[R] · g(hu)) ,
g( ksD) = g
ik · ksDkj · ∂i ⊗ dx
j ,
δ(g( ksD)) = (g
ik · ksDkj);i · dx
j = (gij ;i · ksDjk + g
ij · ksDjk;i) · dx
k ,(199)
δ(g( kW )) = (g
ij · kW jk);i · dx
k = (gij ;i · kW jk + g
ij · kW jk;i) · dx
k ,
δ(kU · g(hu)) = δ(kU · g
ij · hjk · ∂i ⊗ dx
k) =
= [kU ,i · g
ij · hjk + kU · (g
ij
;i · hjk + g
ij · hjk;i)] · dx
k ,
gij = f j l · g
il = f j l · g
li = gji ,
g(sC[σR]) = g
ij · sCjk
mn · σRmn · ∂i ⊗ dx
k ,
δ(g(sC[σR])) = (g
ij · sCjk
mn · σRmn);i · dx
k ,
(gij · sCjk
mn · σRmn);i = g
ij
;i ·s Cjk
mn · σRmn +
+gij · (sCjk
mn
;i · σRmn +s Cjk
mn · σRmn;i) ,(200)
δ((g[C])[R] · g(hu)) = δ(g
rl · Crl
mn ·Rmn · g
ij · hjk) · ∂i ⊗ dx
k , (201)
δ(grl · Crl
mn ·Rmn · g
ij · hjk) = g
rl
;i · Crl
mn ·Rmn · g
ij · hjk+
+grl · (Crl
mn
;i · Rmn + Crl
mn · Rmn;i) · g
ij · hjk +
+grl · Crl
mn ·Rmn · (g
ij
;i · hjk + g
ij · hjk;i) . (202)
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5.2.2 Isotropic elastic media
For isotropic elastic media A = λ1 · (σR + ωR) + λ · θR · hu. Then, it follows for
(kS)g = g(A)
g(A) = λ1 · g(σR+ ωR) + λ · θR · g(hu) =
= λ1 · g(σR) + g(ωR) + λ · θR · g(hu) , λ1, λ = const. ,
δ(g(A)) = λ1 · δ(g(σR)) + λ1 · δ(g(ωR)) + λ · δ( θR · g(hu)) , (203)
where
δ(g(σR)) = δ(g(σR)) = (g
ij · σRjk);i · dx
k = (gij ;i · σRjk + g
ij · σRjk;i) · dx
k ,
δ(g(ωR)) = δ(g(ωR)) = (g
ij · ωRjk);i · dx
k = (gij ;i · ωRjk + g
ij · ωRjk;i) · dx
k ,
δ( θR · g(hu)) = δ(θR · g
ij · hjk · ∂i ⊗ dx
k) =
= [θR,i · g
ij · hjk + θR · (g
ij
;i · hjk + g
ij · hjk;i)] · dx
k . (204)
For the covariant divergency δ(g(A)) of the viscosity tensor (kS)g = g(A) we
obtain in a co-ordinate (or in a non-co-ordinate basis if dxk → ek)
δ((kS)g) = δ(g(A)) =
= {λ1 · (g
jk
;j · σRki + g
jk · σRki;j + g
jk
;j · ωRki + g
jk · ωRki;j) +
+λ · [θR,j · g
jk · hki + θR · (g
jk
;j · hki + g
jk · hki;j)]} · dx
i . (205)
The energy-momentum tensors G ∼ (θ, sT ) could be found in the forms
δG = (ρG +
1
e · L · k) · g(a)+
+[u(ρG +
1
e · L · k) + (ρG +
1
e · L · k) · δu+ δ
Gs] · g(u)−
− KrL− L · δKr + δu · g(Gpi) + g(∇u
Gpi) + g(∇Gsu)+
+ (ρG +
1
e · L · k) · (∇ug)(u) + (∇ug)(
Gpi) + (∇Gsg)(u)+
+ λ1 · δ(g(σR)) + λ1 · δ(g(ωR)) + λ · δ( θR · g(hu)),
Gi
j
;j = (ρG +
1
e · L · k) · ai+
+ [(ρG +
1
e · L · k),j · u
j + (ρG +
1
e · L · k) · u
j
;j +
Gsj ;j ] · ui−
−L,i − L · g
j
i ;j + u
j
;j ·
Gpii + gij · (
Gpij ;k · u
k + uj ;k ·
Gsk)+
+ gij;k · [(ρG +
1
e · L · k) · u
j · uk + Gpij · uk + uj · Gsk]+
+λ1 · (g
jk
;j · σRki + g
jk · σRki;j + g
jk
;j · ωRki + g
jk · ωRki;j)
+λ · [θR,j · g
jk · hki + θR · (g
jk
;j · hki + g
jk · hki;j)] .
5.3 Covariant divergency of the energy-momentum tensors
for Newton’s fluids
Analogous considerations as in the case of linear elasticity theory could be made
for Newton’s fluids. A comparison of A = Nk[d] , Aij = Nkij
km · dkm with
A = C[R] , Aij = Cij
km ·Rkm shows that the results for the Newton fluids could
be formally found from the results for linear elasticity theory by the use of the
following substitutions
C → Nk , R→ d , σR→ σ , ωR→ ω , θR→ θ ,
λ1 → k1 , λ→ k2 (206)
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For g(A) = g( ksD) + g(kW ) +
1
n−1 · kU · g(hu) we obtain by the use of the
general formulae for covariant divergency of a tensor field
δ(g(A)) = δ(g( ksD)) + δ(g(kW )) +
1
n− 1
· δ(kU · g(hu)) , (207)
where
δ(g(A)) = (gijAjk);i · dx
k = (gij ;i · Ajk + g
ij ·Ajk;i) · dx
k =
= gij ;i · (ksDjk + kW jk +
1
n− 1
· kU · hjk) · dx
k +
+gij · [ksDjk;i + kW jk;i +
1
n− 1
· (kU ,i · hjk + kU · hjk;i)] · dx
k ,(208)
δ(g( ksD)) = δ(g(sNk[σ])) + δ(g(sNk[ω])) +
1
n− 1
· δ(θ · g(sNk[hu])) ,
δ(g( kW )) = δ(g(aNk[σ])) + δ(g(aNk[ω])) +
1
n− 1
· δ(θ · g(aNk[hu])) ,
δ(kU · g(hu)) = δ((g[Nk])[d] · g(hu)) ,
g( ksD) = g
ik · ksDkj · ∂i ⊗ dx
j ,
δ(g( ksD)) = (g
ik · ksDkj);i · dx
j = (gij ;i · ksDjk + g
ij · ksDjk;i) · dx
k ,(209)
δ(g( kW )) = (g
ij · kW jk);i · dx
k = (gij ;i · kW jk + g
ij · kW jk;i) · dx
k ,
δ(kU · g(hu)) = δ(kU · g
ij · hjk · ∂i ⊗ dx
k) =
= [kU ,i · g
ij · hjk + kU · (g
ij
;i · hjk + g
ij · hjk;i)] · dx
k ,
gij = f j l · g
il = f j l · g
li = gji ,
g(sNk[σ]) = g
ij · sNkjk
mn · σmn · ∂i ⊗ dx
k ,
δ(g(sNk[σ])) = (g
ij · sNkjk
mn · σmn);i · dx
k ,
(gij · sNkjk
mn · σmn);i = g
ij
;i · sNkjk
mn · σmn +
+gij · (sNkjk
mn
;i · σmn + sNkjk
mn · σmn;i) ,(210)
δ((g[Nk])[d] · g(hu)) = δ(g
rl · Nkrl
mn · dmn · g
ij · hjk) · ∂i ⊗ dx
k ,
δ(grl · Nkrl
mn · dmn · g
ij · hjk) = g
rl
;i · Nkrl
mn · dmn · g
ij · hjk+
+grl · (Nkrl
mn
;i · dmn + Nkrl
mn · dmn;i) · g
ij · hjk +
+grl · Nkrl
mn · dmn · (g
ij
;i · hjk + g
ij · hjk;i) . (211)
5.3.1 Isotropic homogeneous fluid
For isotropic homogeneous fluid A = k1 · (σ + ω) + k2 · θ · hu. Then, it follows for
(kS)g = g(A)
g(A) = k1 · g(σ + ω) + k2 · θ · g(hu) =
= k1 · g(σ) + g(ω) + k2 · θ · g(hu) , k1, k2 = const. , (212)
δ(g(A)) = k1 · δ(g(σ)) + k1 · δ(g(ω)) + k2 · δ( θ · g(hu)) ,
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where
δ(g(σ)) = δ(g(σ)) = (gij · σjk);i · dx
k = (gij ;i · σjk + g
ij · σjk;i) · dx
k ,(213)
δ(g(ω)) = δ(g(ω)) = (gij · ωjk);i · dx
k = (gij ;i · ωjk + g
ij · ωjk;i) · dx
k ,(214)
δ( θ · g(hu)) = δ(θ · g
ij · hjk · ∂i ⊗ dx
k) =
= [θ,i · g
ij · hjk + θ · (g
ij
;i · hjk + g
ij · hjk;i)] · dx
k . (215)
For the covariant divergency δ(g(A)) of the viscosity tensor (kS)g = g(A) we
obtain in a co-ordinate (or in a non-co-ordinate basis if dxk → ek)
δ((kS)g) = δ(g(A)) =
= {k1 · (g
jk
;j · σki + g
jk · σki;j + g
jk
;j · ωki + g
jk · ωki;j) +
+k2 · [θ,j · g
jk · hki + θ · (g
jk
;j · hki + g
jk · hki;j)]} · dx
i .(216)
The energy-momentum tensors G ∼ (θ, sT ) could be found in the forms
δG = (ρG +
1
e · L · k) · g(a)+
+[u(ρG +
1
e · L · k) + (ρG +
1
e · L · k) · δu+ δ
Gs] · g(u)−
− KrL− L · δKr + δu · g(Gpi) + g(∇u
Gpi) + g(∇Gsu)+
+ (ρG +
1
e · L · k) · (∇ug)(u) + (∇ug)(
Gpi) + (∇Gsg)(u)+
+ k1 · δ(g(σ)) + k1 · δ(g(ω)) + k2 · δ(θ · g(hu)),
(217)
Gi
j
;j = (ρG +
1
e · L · k) · ai+
+ [(ρG +
1
e · L · k),j · u
j + (ρG +
1
e · L · k) · u
j
;j +
Gsj ;j] · ui−
−L,i − L · g
j
i ;j + u
j
;j ·
Gpii + gij · (
Gpij ;k · u
k + uj ;k ·
Gsk)+
+ gij;k · [(ρG +
1
e · L · k) · u
j · uk + Gpij · uk + uj · Gsk]+
+k1 · (g
jk
;j · σki + g
jk · σki;j + g
jk
;j · ωki + g
jk · ωki;j)
+k2 · [θ,j · g
jk · hki + θ · (g
jk
;j · hki + g
jk · hki;j)] .
(218)
5.4 Explicit form of the energy-momentum tensors θ,
s
T and
Q
On the grounds of the representations of δG and g(δG) the representation of the
different energy-momentum tensors θ, sT and Q can be found.
The covariant divergency δθ of the generalized canonical energy-momentum ten-
sor (GC-EMT) θ can be written in the form
δθ = (ρθ +
1
e · L · k) · g(a)+
+[u(ρθ +
1
e · L · k) + (ρθ +
1
e · L · k) · δu+ δ
θs] · g(u)−
− KrL− L · δKr + δu · g(θpi) + g(∇u
θpi) + g(∇θsu)+
+ (ρθ +
1
e · L · k) · (∇ug)(u) + (∇ug)(
θpi) + (∇θsg)(u)+
+ δ((θS)g) ,
(219)
or in the form
g(δθ) = (ρθ +
1
e · L · k) · a+
+[u(ρθ +
1
e · L · k) + (ρθ +
1
e · L · k) · δu+ δ
θs] · u−
− g(KrL)− L · g(δKr) + δu · θpi +∇u
θpi +∇θsu+
+ (ρθ +
1
e · L · k) · g(∇ug)(u) + g(∇ug)(
θpi) + g(∇θsg)(u)+
+ g(δ((θS)g)) .
(220)
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In a co-ordinate basis δθ and g(δθ) will have the forms
θi
j
;j = (ρθ +
1
e · L · k) · ai+
+ [(ρθ +
1
e · L · k),j · u
j + (ρθ +
1
e · L · k) · u
j
;j +
θsj ;j ] · ui−
−L,i − L · g
j
i ;j + u
j
;j ·
θpii + gij · (
θpij ;k · u
k + uj ;k ·
θsk)+
+ gij;k · [(ρθ +
1
e · L · k) · u
j · uk + θpij · uk + uj · θsk]+
+ (gik ·
θS jk);j ,
(221)
gik · θk
j
;j = (ρθ +
1
e · L · k) · a
i+
+ [(ρθ +
1
e · L · k),j · u
j + (ρθ +
1
e · L · k) · u
j
;j +
θsj ;j ] · u
i−
−L,j · g
ij − L · gik · gjk ;j + u
j
;j ·
θpii + θpii ;j · u
j + ui ;j ·
θsj+
+ gil · glj;k · [(ρθ +
1
e · L · k) · u
j · uk + θpij · uk + uj · θsk]+
+ gil · (glk ·
θS jk);j .
(222)
The covariant divergency δsT of the symmetric energy-momentum tensor of
Belinfante (S-EMT-B) sT , represented in the form
sT = (ρT +
1
e
· L · k) · u⊗ g(u)− L ·Kr + u⊗ g(Tpi) + T s⊗ g(u) + (TS)g ,
can be found in the form
δsT = (ρT +
1
e · L · k).g(a)+
+[u(ρT +
1
e · L · k) + (ρT +
1
e · L · k) · δu+ δ
T s] · g(u)−
− KrL− L · δKr + δu · g(Tpi) + g(∇u
Tpi) + g(∇T su)+
+ (ρT +
1
e · L · k) · (∇ug)(u) + (∇ug)(
Tpi) + (∇T sg)(u)+
+ δ((TS)g) ,
(223)
or in the form
g(δsT ) = (ρT +
1
e · L · k) · a+
+[u(ρT +
1
e · L · k) + (ρT +
1
e · L · k) · δu+ δ
T s] · u−
− g(KrL)− L · g(δKr) + δu · Tpi +∇u
Tpi +∇T su+
+ (ρT +
1
e · L · k) · g(∇ug)(u) + g(∇ug)(
Tpi) + g(∇T sg)(u)+
+ g(δ((TS)g)) .
(224)
In a co-ordinate basis δsT and g(δsT ) will have the forms
sTi
j
;j = (ρT +
1
e · L · k) · ai+
+ [(ρT +
1
e · L · k),j · u
j + (ρT +
1
e · L · k) · u
j
;j +
T sj ;j ] · ui−
−L,i − L · g
j
i ;j + u
j
;j ·
Tpii + gij · (
Tpij ;k · u
k + uj ;k ·
T sk)+
+ gij;k · [(ρT +
1
e · L · k) · u
j · uk + Tpij · uk + uj · T sk]+
+ (gik ·
TS jk);j ,
(225)
gik · sTk
j
;j = (ρT +
1
e · L · k) · a
i+
+ [(ρT +
1
e · L · k);j · u
j + (ρT +
1
e · L · k) · u
j
;j +
T sj ;j ] · u
i−
−L,j · g
ij − L · gik · gjk ;j + u
j
;j ·
Tpii + Tpii ;j · u
j + ui ;j ·
T sj+
+ gil · glj;k · [(ρT +
1
e · L · k) · u
j · uk + Tpij · uk + uj · T sk]+
+ gil · (glk ·
TS jk);j .
(226)
The covariant divergency δQ of the variational energy-momentum tensor of
Euler-Lagrange (V-EMT-EL) Q, represented in the form
Q = − ρQ · u⊗ g(u)− u⊗ g(
Qpi)− Qs⊗ g(u)− (QS)g ,
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follows in the form
δQ = − ρQ · g(a)− (uρQ + ρQ · δu+ δ
Qs) · g(u)−
− δu · g(Qpi)− g(∇u
Qpi)− g(∇Qsu)−
− ρQ · (∇ug)(u)− (∇ug)(
Qpi)− (∇Qsg)(u)− δ((
QS)g) ,
(227)
or in the form
g(δQ) = − ρQ · a− (uρQ + ρQ · δu+ δ
Qs) · u−
− δu · Qpi −∇u
Qpi −∇Qsu−
− ρQ · g(∇ug)(u)− g(∇ug)(
Qpi)− g(∇Qsg)(u)− g(δ((
QS)g)) .
(228)
In a co-ordinate basis δQ and g(δQ) will have the forms
Qi
j
;j = − ρQ · ai − (ρQ,j · u
j + ρQ · u
j
;j +
Qsj ;j) · ui−
− uj ;j ·
Qpii − gij · (
Qpij ;k · u
k + uj ;k ·
Qsk)−
− gij;k · (ρQ · u
j · uk + Qpij · uk + uj · Qsk)− (gik ·
QSjk);j ,
(229)
gik ·Qk
j
;j = − ρQ · a
i − (ρQ,j · u
j + ρQ · u
j
;j +
Qsj ;j) · u
i−
− uj ;j ·
Qpii − Qpii ;j · u
j − ui ;j ·
Qsj−
− gil · glj;k · (ρQ · u
j · uk + Qpij · uk + uj · Qsk]− gil · (glk ·
QSjk);j .
(230)
5.5 Covariant Noether’s identities and relations between their
structures
The covariant Noether identities
Fα + θα
β
/β ≡ 0 , F i + θi
j
;j ≡ 0 ,
θα
β − sTα
β ≡ Qα
β , θi
j − sTi
j ≡ Qi
j ,
for the mixed tensor fields of second rank of the type 1 could be written in index-free
form. θ, sT and Q can be written in index-free form by the use of the covariant
divergency as
F + δθ ≡ 0, θ − sT ≡ Q,
g(F ) + g(δθ) ≡ 0, (θ)g − ( sT )g ≡ (Q)g, (231)
where
F = vF + gF , (232)
vF = vaF + vW , gF = gaF + gW , aF = vaF + gaF ,
W = vW + gW , vF = vFα · e
α = vF i · dx
i , vW = vWα · e
α ,
(233)
gaF =
δgL
δgβγ
· gβγ/α · e
α , gW = gWα · e
α . (234)
From the second Noether identity (θ − sT ≡ Q) the relation between the co-
variant divergencies of the energy-momentum tensors θ, sT and Q follows δθ ≡
δsT + δQ, δsT ≡ δθ − δQ.
Definition 6 Local covariant conserved quantity G of the type of an energy-momentum
tensor of the type 1. Mixed tensor field G of the type 1 with vanishing covariant
divergency, i. e. δG = 0, Gα
β
/β = 0, Gi
j
;j = 0.
If a given energy-momentum tensor has to fulfil conditions for a local covari-
ant conserved quantity, then relations follow from the covariant Noether identities
(CNIs) between the covariant divergencies of the other energy-momentum tensors
and the covariant vector field F
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No. Condition for δG Condition for F Corollaries from CNIs
1. δθ = 0 F = 0 δsT = − δQ
2. δsT = 0 F 6= 0 δθ = δQ = − F
F = 0 δθ = δQ
3. δQ = 0 F 6= 0 δθ = δsT = − F
F = 0 δθ = δsT = 0
Special case:
δvL
δV A B
= 0,
δgL
δgαβ
= 0 .
vaF = 0 , gaF = 0 , Q = 0 , vF = vW , gF = gW , (235)
aF = vaF + gaF = 0 , (236)
F = W :W + δθ = 0 , θ = sT , δθ = δsT = − W . (237)
For W = 0 : δθ = 0, δsT = 0 .
The finding out the covariant Noether identities for a given Lagrangian density
L =
√
−dg · L along with the energy-momentum tensors θ, sT and Q allow the
construction of a rough scheme of the structures of a Lagrangian theory over a
differentiable manifold with contravariant and covariant affine connections and a
metric:
← ← L → →
↓ ↓
↓ ↓
sT δL/δK
A
B
↓ ↓
θ Q
↓ ↓
↓
↓ → → θ - sT≡Q ← ← ↓
F
↓ ↓ ↓
→ → F+ δθ ≡ 0 ← ←
Fig. 1. Scheme of the main structure of a Lagrangian theory
The symmetric energy-momentum tensor of Hilbert gshT appears as a con-
struction related to the functional variation of the metric field variables gαβ [as
a part of the variables KA B ∼ (V
A
B , gC)] and interpreted as a symmetric energy-
momentum tensor of a Lagrangian system. This tensor does not exist as a relevant
element of the scheme for obtaining Lagrangian structures by the method of La-
grangians with covariant derivatives (MLCD). It takes in the scheme a separate
place and has different relations than the usual for the other elements.
30
← ← L → → →
↓ ↓ ↓ ↓
↓ ↓
sT δL/δK
A
B ↓
↓ ↓ gshT
θ Q
↓ ↓
→ → θ - sT≡Q ← ← ↓
F
↓ ↓ ↓
→ → F+ δθ ≡ 0 ← ←
Fig. 2. The main structures of a Lagrangian theory
and the energy-momentum tensor of Hilbert
Classical field theories involve relations between the different structures of La-
grangian systems. For the most part of Lagrangian systems equations of the type
of the Euler-Lagrange equations have been imposed and the symmetric energy-
momentum tensor of Hilbert has been used.
5.6 Navier-Stokes’ identities
If we consider the projections of the first Noether’s identity along a non-null (non-
isotropic) vector field u and its corresponding contravariant and covariant projective
metrics hu and hu we will find the first and second Navier-Stokes’ identities.
From the Noether’s identities in the form
g(F ) + g(δθ) ≡ 0, (first Noether’s identity) ,
(θ)g − ( sT )g ≡ (Q)g, (second Noether’s identity) ,
we can find the projections of the first Noether’s identity along a contravariant
non-null vector field u = ui · ∂i and orthogonal to u.
Since
g(g(F ), u) = gik · g
kl · Fl · u
i = gli · Fl · u
i = Fi · u
i = F (u) , F = Fk · dx
k ,(238)
g(g(δθ), u) = (δθ)(u) (239)
we obtain the first Navier-Stokes’ identity in the form
F (u) + (δθ)(u) ≡ 0 . (240)
By the use of the relation
g[hu(g)(F ) = g(hu[g(F )]) = h
u(F ) , g(hu)g = h
u , (241)
g[hu(g)(δθ)] = g(hu[g(δθ)]) = h
u(δθ) , (242)
the first Noether’s identity could be written in the forms
hu[g(F )] + hu[g(δθ)] ≡ 0 , (243)
hu(F ) + hu(δθ) ≡ 0 . (244)
The last two forms of the first Nother’s identity represent the second Navier-
Stokes’ identity.
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If the projection hu(F ), orthogonal to u, of the volume forceF is equal to zero,
we obtain the generalized Navier-Stokes’ equation in the form
hu(δθ) = 0 , (245)
or in the form
hu[g(δθ)] = 0 . (246)
Let us now find the explicit form of the first and second Navier-Stokes’ identities
and the explicit form of the generalized Navier-Stokes’ equation. For this purpose we
can use the explicit form of the covariant divergency δθ of the generalized canonical
energy-momentum tensor θ.
(a) The first Navier-Stokes’ identity follows in the form
F (u) + (ρθ +
1
e
· L · k) · g(a, u) +
+e · [u(ρθ +
1
e
· L · k) + (ρθ +
1
e
· L · k) · δu+ δθs]−
−(KrL)(u)− L · (δKr)(u) + g(∇u
θpi, u) + g(∇θsu, u) +
+(ρθ +
1
e
· L · k) · (∇ug)(u, u) + (∇ug)(
θpi, u) + (∇θsg)(u, u)+
+ [δ((θS)g)](u) ≡ 0 . (247)
(b) The second Navier-Stokes’ identity can be found in the form
hu[g(F )] + hu[g(δθ)] ≡
≡ (ρθ +
1
e
· L · k) · hu(a)−
−hu[g(KrL)]− L · hu[g(δKr)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L · k) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)] + hu[g(δ((
θS)g))] +
+hu[g(F )] ≡ 0 . (248)
(c) The generalized Navier-Stokes’ equation hu[g(δθ)] = 0 follows from the sec-
ond Navier-Stokes’ identity under the condition hu[g(F )] = 0 or under the condition
F = 0
(ρθ +
1
e
· L · k) · hu(a)−
−hu[g(KrL)]− L · hu[g(δKr)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L · k) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)] + hu[g(δ((
θS)g))]
= 0 , (249)
hu(a) = g(a)−
1
e
· g(u, a) · g(u) . (250)
Special case: (Ln, g)-spaces: S = C, f
i
j = g
i
j, g(u, u) = e = const. 6= 0, k = 1.
δKr = 0 , (251)
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(a) First Navier-Stokes’ identity
F (u) + (ρθ +
1
e
· L) · g(a, u) +
+e · [u(ρθ +
1
e
· L) + (ρθ +
1
e
· L) · δu+ δθs]−
−(KrL)(u) + g(∇u
θpi, u) + g(∇θsu, u) +
+(ρθ +
1
e
· L) · (∇ug)(u, u) + (∇ug)(
θpi, u) + (∇θsg)(u, u)+
+ [δ((θS)g)](u) ≡ 0 . (252)
(b) Second Navier-Stokes’ identity
(ρθ +
1
e
· L) · hu(a)−
−hu[g(KrL)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)] + hu[g(δ((
θS)g))]
+ hu[g(F )] ≡ 0 . (253)
(c) Generalized Navier-Stokes’ equation hu[g(δθ)] = 0
(ρθ +
1
e
· L) · hu(a)−
−hu[g(KrL)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)] + hu[g(δ((
θS)g))]
= 0 . (254)
Special case: Vn-spaces: S = C, f
i
j = g
i
j , ∇ξg = 0 for ∀ξ ∈ T (M), g(u, u) = e =
const. 6= 0, k = 1, g(a, u) = 0.
(a) First Navier-Stokes’ identity
F (u) +
+e · [u(ρθ +
1
e
· L) + (ρθ +
1
e
· L) · δu+ δθs]− (KrL)(u)+
+ [δ((θS)g)](u) ≡ 0 . (255)
(b) Second Navier-Stokes’ identity
(ρθ+
1
e
·L)·hu(a)−hu[g(KrL)]+δu·hu(
θpi)+hu[g(δ((
θS)g))]+hu[g(F )] ≡ 0 . (256)
Generalized Navier-Stokes’ equation hu[g(δθ)] = 0
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(ρθ +
1
e
· L) · hu(a)− hu[g(KrL)] + δu · hu(
θpi) + hu[g(δ((
θS)g))] = 0 . (257)
If we express the stress (tension) tensor (θS)g by the use of the shear stress tensor
ksD, rotation (vortex) stress tensor kW , and the expansion stress invariant kU then
the covariant divergency of the corresponding tensors could be found and at the end
we will have the explicit form of the Navier-Stokes’ identities and the generalized
Navier-Stokes’ equation including all necessary tensors for further applications.
5.7 Navier-Stokes’ identities in linear elasticity theory
If we express the stress (tension) tensor (θS)g by its explicit form for linear elasticity
theory we can found the Navier-Stokes’ identities in linear elasticity theory
(a) First Navier-Stokes’ identity
F (u) + (ρθ +
1
e
· L) · g(a, u) +
+e · [u(ρθ +
1
e
· L) + (ρθ +
1
e
· L) · δu+ δθs]−
−(KrL)(u) + g(∇u
θpi, u) + g(∇θsu, u) +
+(ρθ +
1
e
· L) · (∇ug)(u, u) + (∇ug)(
θpi, u) + (∇θsg)(u, u)+
+ [δ(g( ksD)) + δ(g(kW )) +
1
n− 1
· δ(kU · g(hu))](u) ≡ 0 . (258)
(b) The second Navier-Stokes’ identity can be found in the form
hu[g(F )] + hu[g(δθ)] ≡
≡ (ρθ +
1
e
· L · k) · hu(a)−
−hu[g(KrL)]− L · hu[g(δKr)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L · k) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)] +
+hu[g(δ(g( ksD))) + g(δ(g(kW ))) +
1
n− 1
· g(δ(kU · g(hu)))] +
+hu[g(F )] ≡ 0 . (259)
(c) The generalized Navier-Stokes’ equation hu[g(δθ)] = 0 follows from the sec-
ond Navier-Stokes’ identity under the condition hu[g(F )] = 0 or under the condition
F = 0
(ρθ +
1
e
· L · k) · hu(a)−
−hu[g(KrL)]− L · hu[g(δKr)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L · k) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)]+
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+ hu[g(δ(g( ksD))) + g(δ(g(kW ))) +
1
n− 1
· g(δ(kU · g(hu)))] = 0 , (260)
hu(a) = g(a)−
1
e
· g(u, a) · g(u) . (261)
From the first Noether identity g(F ) + g(δθ) ≡ 0 for the case of isotropic elastic
media with g[F ] = 0, the equation g(δθ) = 0 follows in the form
gik · θk
j
;j = (ρθ +
1
e · L · k) · a
i+
+ [(ρθ +
1
e · L · k),j · u
j + (ρθ +
1
e · L · k) · u
j
;j +
θsj ;j ] · u
i−
−L,j · g
ij − L · gik · gjk ;j + u
j
;j ·
θpii + θpii ;j · u
j + ui ;j ·
θsj+
+ gil · glj;k · [(ρθ +
1
e · L · k) · u
j · uk + θpij · uk + uj · θsk]+
+λ1 · g
il · [gmk ;m · (σRkl + ωRkl) + g
mk · (σRkl;m + ωRkl;m)]+
+λ · gil · [θR · (g
mk
;m · hkl + g
mk · hkl;m) + θR,m · g
mk · hkl] = 0 .
(262)
If the vector field u is a given vector field [e = g(u, u) 6= 0] and σR, ωR, and
θR are given in their explicitly form as function of the components ξ
i
⊥
and their
covariant derivatives ξi
⊥;k of the deformation vector ξ⊥ then the last equation with
respect to ξ⊥ could be called generalized Navier-Chauchy equation (or generalized
Lame equation) [?].
5.8 Navier-Stokes’ identities for Newton’s fluids
In analogous way as in linear elasticity theory the Navier-Stokes identities could be
found for Newton’s fluids.
If we express the stress (tension) tensor (θS)g by its explicit form for Newton’s
fluids we can found the Navier-Stokes’ identities in hydromechanics for the Newton
fluids.
(a) First Navier-Stokes’ identity
F (u) + (ρθ +
1
e
· L) · g(a, u) +
+e · [u(ρθ +
1
e
· L) + (ρθ +
1
e
· L) · δu+ δθs]−
−(KrL)(u) + g(∇u
θpi, u) + g(∇θsu, u) +
+(ρθ +
1
e
· L) · (∇ug)(u, u) + (∇ug)(
θpi, u) + (∇θsg)(u, u)+
+ [δ(g( ksD)) + δ(g(kW )) +
1
n− 1
· δ(kU · g(hu))](u) ≡ 0 . (263)
(b) The second Navier-Stokes’ identity can be found in the form
hu[g(F )] + hu[g(δθ)] ≡
≡ (ρθ +
1
e
· L · k) · hu(a)−
−hu[g(KrL)]− L · hu[g(δKr)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L · k) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)] +
+hu[g(δ(g( ksD))) + g(δ(g(kW ))) +
1
n− 1
· g(δ(kU · g(hu)))] +
+hu[g(F )] ≡ 0 . (264)
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(c) The generalized Navier-Stokes’ equation hu[g(δθ)] = 0 follows from the sec-
ond Navier-Stokes’ identity under the condition hu[g(F )] = 0 or under the condition
F = 0
(ρθ +
1
e
· L · k) · hu(a)−
−hu[g(KrL)]− L · hu[g(δKr)] + δu · hu(
θpi) +
+hu(∇u
θpi) + hu(∇θsu) +
+(ρθ +
1
e
· L · k) · hu[g(∇ug)(u)] + hu[g(∇ug)(
θpi)] +
+hu[g(∇θsg)(u)]+
+ hu[g(δ(g( ksD))) + g(δ(g(kW ))) +
1
n− 1
· g(δ(kU · g(hu)))] = 0 , (265)
hu(a) = g(a)−
1
e
· g(u, a) · g(u) .
From the first Noether identity g(F ) + g(δθ) ≡ 0 for the case of Newton’s fluids
with g[F ] = 0, the equation g(δθ) = 0 follows in the form
gik · θk
j
;j = (ρθ +
1
e · p · k) · a
i+
+ [(ρθ +
1
e · p · k),j · u
j + (ρθ +
1
e · p · k) · u
j
;j +
θsj ;j] · u
i−
−p,j · g
ij − p · gik · gjk ;j + u
j
;j ·
θpii + θpii ;j · u
j + ui ;j ·
θsj+
+ gil · glj;k · [(ρθ +
1
e · p · k) · u
j · uk + θpij · uk + uj · θsk]+
+k1 · g
il · [gmk ;m · (σkl + ωkl) + g
mk · (σkl;m + ωkl;m)]+
+k2 · g
il · [θ · (gmk ;m · hkl + g
mk · hkl;m) + θ,m · g
mk · hkl] = 0 .
(266)
If the vector field u is a given vector field [e = g(u, u) 6= 0] and σ, ω, and θ are
given in their explicitly form as function of the components ui and their covariant
derivatives ui;k of the velocity vector u then the last equation with respect to u is
called generalized Navier-Stokes equation.
On the basis of the considered results many problems of the continuous media
mechanics could be further specialized and solved.
6 Conclusion
In the present paper continuous media mechanics is consider over (Ln, g)-spaces
with respect to its basic notions from the point of view of the differential-geometric
structures related to
(a) deformations,
(b) stresses (tensions),
(c) relation between stressed and deformations on the basis of the method of
Lagrangians with covariant derivatives.
The presented results were specialized for elasticity theory and hydrodynamics in
(Ln, g)-spaces. These results could also be used in all spaces considered as special
cases of the (Ln, g)-spaces [Euclidean En-spaces, (pseudo) Euclidean Mn-spaces,
(pseudo) Riemannian Vn- and Un-spaces, Weyl’s spacesWn and Yn etc.] as well as in
general relativity as an extension in some aspects of the relativistic continuous media
mechanics. Many new features of the continuous media mechanics are found at a
local level [e.g. the existence of local rotations velocity tensors for isotropic elastic
media and Newton’s fluids, existence of stresses generated by rotation velocity tensor
etc.].
The existence of classical field theories for describing dynamical systems in dif-
ferent models of space or space-time allows a closer comparison with the structure
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of a theory of continuous media. All basic notions of continuous mechanics could
be used in a classical field theory and vice versa - basic notions of a classical field
theory could be applied in a theory of continuous media.
The covariant and contravariant metrics introduced over differentiable manifolds
with contravariant and covariant affine connections allow applications for mathe-
matical models of dynamic systems described over (Ln, g)-spaces. On the other
side, different type of geometries can be considered by imposing certain additional
conditions of the type of metric transports on the metric. Additional conditions
determined by different ”draggings along” of the metric can have physical interpre-
tation connected with changes of the length of a vector field and with changes of
the angle between two vector fields.
The introduction of contravariant and covariant projective metrics correspond-
ing to a non-isotropic (non-null) contravariant vector field allows the evolution of
tensor analysis over sub manifolds of a manifold with contravariant and covariant
connections and metrics and its applications for descriptions of the evolution of
physical systems over (Ln, g)-spaces.
The kinematic characteristics, connected with the introduced notions of relative
velocity and relative acceleration can be used for description of different dynamic
systems by means of mathematical models, using differentiable manifold M with
contravariant and covariant affine connections and metrics as a model of space-time
(dimM = 4) [ETG in Vn-spaces, Einstein-Cartan theory in Un-spaces, metric-
affine theories in (Ln, g)-spaces], or as a model for the consideration of dynamic
characteristics of some physical systems [theories of the type of Kaluza-Klein in
Vn-spaces (n > 4), relativistic hydrodynamics etc.]. All basic notions related to
the relative velocity and relative acceleration could be related to deformations and
stresses (tensions) in the continuous media mechanics in (Ln, g)-spaces. At the
same time the kinematic characteristics can be used for a more correct formulation
of problems, connected with the experimental check-up of modern gravitational
theories.
In the case of general relativity theory one of the propositions can be used
for describing the characteristics of gravitational detectors: If test particles are
considered to move in an external gravitational field (Rij = 0), then their relative
acceleration will be caused only by the curvature shear acceleration. Therefore,
gravitational wave detectors have to be able to detect accelerations of the type of
shear acceleration (and not of the type of expansion acceleration), if the energy-
momentum tensor of the detector is neglected as a source of a gravitational field.
The conjecture connecting the stresses and deformations in continuous media
mechanics on the basis of the kinematic characteristics and the energy-momentum
tensors could lead to a more exact and comprehensive description of dynamical
systems in continuous media mechanics and in the classical (non-quantized) field
theories in Vn-, Un-, (Ln, g)-, and (Ln, g)-spaces as well as in their special cases.
References
[1] Manoff S., Spaces with contravariant and covariant affine connections and met-
rics. Physics of elementary particles and atomic nucleus (Physics of Particles
and Nuclei) [Russian Edition: 30 5, 1211-1269 (1999).], [English Edition: 30 5,
527-549 (1999)].
[2] Landau L. D., Lifshitz E. M., Gidrodinamika (Hydrodynamics) (Nauka, Moscow,
1986) (in Russian).
[3] Landau L. D., Lifshitz E. M., Teorija uprugosti (Theory of elasticity) (Nauka,
Moscow, 1987), pp. 14-15 (in Russian).
37
[4] Schmutzer E., Relativistische Physik (Klassische Theorie) (B.G. Teubner Ver-
lagsgesellschaft, Leipzig, 1968).
[5] Schmutzer E., Symmetrien und Erhaltungssa¨tze der Physik WTB Bd. 75.
(Akademie-Verlag, Berlin, 1972).
[6] Manoff S., J. Math. Phys. 32 3, 728-734 (1991).
[7] Manoff S., Lazov R., Invariant projections and covariant divergency of the
energy-momentum tensors. In Aspects of Complex Analysis, Differential Geom-
etry and Mathematical Physics. Eds. S. Dimiev, K. Sekigava, (World Scientific,
Singapore 1999), pp. 289-314 [Extended version: E-print (1999) gr-qc/99 07 085]
[8] Manoff S., Lagrangian theory of tensor fields over spaces with contravariant and
covariant affine connections and metrics and its applications to Einstein’s theory
of gravitation in V 4-spaces. Acta Appl. Math. 55 1, 51-125 (1999).
38
